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Fourier integrals are set up for the field of a point charge moving uniformly in an arbitrary 
direction in a uniaxial medium anisotropic in £ only. The integrals break up into several parts two 
of which yield the ordinary and extraordinary cones with uniform azimuthal potential distribution. 
The remaining integrals neither contribute to the energy radiated nor affect the size and the shape 
of the cones, but merely distort the field within the cones. The integrals are evaluated exactly in the 
non-dispersive case and closed expressions for the potential are obtained. In the dispersive case, the 
radiation field is determined by using the asymptotic form of the Hankel functions occurring in the 
integrand. The resulting expressions exhibit the high azimuthal asymmetry characteristic of aniso­
tropic fields. From the expressions derived for a pure dielectric the potential in a doubly anisotropic 
medium is obtained, without a fresh calculation, by making appropriate substitutions for the coordi­
nates of the field point and the components of the dielectric tensor.

1. Introduction

Apart from its intrinsic theoretical interest, the 

radiation field of moving charges in anisotropic 

media assumes practical significance, in that plasma 

in a magnetic field behaves like a birefringent me­

dium *. Passage of fast charged particles through 

such a medium is accompanied by emission of o- and 

e-types of waves 2. The low-frequency hiss from the 

exosphere 3, emission of bursts of non-thermal radia­

tion from sunspots 4, and a possible method of ac­

celerating charged particles using the inverse 

Cherenkov effect5 are some of the problems of 

practical interest that may have a bearing on the 

present topic.

In a recent paper 6 (to be referred to as I), we 

investigated the field of a point charge moving uni­

formly in a uniaxial dielectric medium. Fourier 

integrals for the field were set up for motion per­

pendicular to the optic axis and the field was calcu­

lated in the special case of an isotropic dispersive 

medium on the basis of a simplified model of dis­

persion. We also promised to report the results of 

our final investigations on the problem. This we 

now do, removing the restrictions on the direction 

of motion of the charge and the dispersive properties 

of the medium. The Fourier integral is again found 

to break up into three terms, two of which are es­

sentially isotropic integrals and give rise to the 

circular (o-) and elliptic (e-)cones. An application 

of the convolution theorem of the Fourier transform
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converts the remaining term into an integral over the 

isotropic field similar to (13) of I. This term neither 

contributes to the total energy radiated, nor affects 

the size and shape of the field cones, but merely 

represents a distortion of the potential distribution 

within the cones. Evaluating this distortion integral, 

we obtain an exact expression for the total potential 

in a non-dispersive medium.

It becomes difficult to carry out the integration 

when dispersion is taken into account but no sim­

plifying assumption is made about the dispersive 

properties of the medium. The difficulties are partly 

obviated by using the asymptotic expansion of the 

Hankel functions occurring in the integrand, and it 

is found that in the radiation zone, the distortion 

terms too become formally identical to the isotropic 

integral, except for a neat factor containing the 

azimuthal angle (p around the axis of each cone. The 

o- and e-distortion integral combine now with their 

respective cone terms and give rise to the distinctive 

feature of the anisotropic field, namely its highly 

asymmetric azimuthal distribution. Thus, the sup­

plementary integration arising out of the Faltung 

brings about a redistribution of the uniform poten­

tial of the field cones and a corresponding fanning 

out of the light intensity around the radiation cones.

2. The Distortion Integrals and the 

Non-dispersive Field

On breaking a part of it into partial fractions, 

the fundamental Fourier integral [(1) of I or (28) of 

Ref. ”] for the scalar potential 0  of a charge moving 

uniformly at an angle 0 (0  ^  O rr/2) with the

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



688 G. P. Sastry et al. • Radiation Field of a Uniformly Moving Charge in an Anisotropic Medium

optic axis can be written as

8  7l3 

e

(cosQ + cos£?0)2 (cos Q — cos £?0)2

(P = e*(k,Xi + ktX*) ge (k 2) d k 2 dky — ß2 y2 f  el k̂,Xl + ktX̂  g0 ( k 2 ) dk 2 d k y  (1 a, b)
J  e2

_j_ ß2 ;’3 f  k\ eUklXl + ktXi)2 }’3 r  ky el(

2 J  sin iQ cos Q0
{gAk2) - g0(k2)} d k 2 d k y  ( lc )
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/ e*V*3 C

, 2 , 2 d&3 , (k2) =  I T j --TY cl̂ 3 »
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k02 = a02 ky2 — k22 , ke2 = A2 (ae2 kx2 — /f22) and = ̂ 2 + (/' ^12/^22) ̂ 1 •

As explained in I, the ^-integration can be performed by using the residue theorem with some prescrip­

tion for going round the poles lying on the real axis. The functions, thus obtained, have the Fourier 

transforms

C0{k1,x2,x3) = J eik̂ -g0(k2)dk2 = i x2 [sgn ky 7 0 {a 0 ! *1 j (x22 + z32) '" }  + iN 0 {ot0 j ky1 (x22 + x32) ,/:} ] ,
(2 a)

Ce(ky,x2,x3) = exp j —— ** ^-X'2 j  /  elk̂  ge (k2) dk2 

2

=  l—{ tsgn ki 'J0{ae I ky | (,r22 + A2 x^)'’1} +i N0{ae j kt | (x22 + A2 x32)1/j}] . (2 b)

On applying the convolution theorem 6, the scalar potential is brought to the form

OC

8   ̂ C 00

---<£= I exp {i kyXl(e)} Ce{ky,x2,x3) dky-ß2 y2 f  exp {i ky x1(0)} C0{ky,x2,x3) dky (3 a, b)
6 J  £  2 - oc

- 00

- oc

00
X [f exp {i ky(xHe) + p ±(e) t)} Ce{ky, x2 + t,x3) dt — (3 c)

0

OO

-/exp {iky ( * 1(0) P ± (0) } Co (^1  ? ^  ^ 3) d-ky
0

where 2  + stands for summation of two terms, one with the upper sign and one with the lower sign. In 

these expressions,

y2(ß2 e22 - l) f !  e2cos2.Q0= (l/ß2)£2, A2 = e22/e2, a02 = y2(ß2 e2 - 1) , ae2 =
fov22

xl<0) — x\ •> x l(e) — xi ~  (} ' ^ 12/ ^ 22) ^2  » P±(0) ~P±* P ± (e) — P ± i  (7  € 12/ ^ 22) »

v n  4- 2 n n^ j c o s £ > ± c o s £ ? 0 , ,p ± — ——^ ----z=r- L1 3: m“ cos U cos > y±=my . „ „ , and m = 1 .
sin cos iJ0 sin U cos iJ0

We note the useful identities

[ p ± (0 )- « o 2] = ^ l 2 [ p ± (e )- «e 2] = 7  ±2 •

In the special case of motion perpendicular to the optic axis,

P ± (el = P ± (0) =  P ± ~~ Y ß Ve2 ’ 7 ± == y » (e) =  x\ (0) =  ?

and Eq. (3) reduces to the integrals given in Sect. 2 of I.

The integrals (3 a, b) give the o- and e-cones and (3 c) produces distortion of the field inside the cones. 

In evaluating (3 c) in the non-dispersive case we carry out the integration over t and ky in the reverse
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order. Performing the /^-integration first we get integrals of the type

3
/

o
f  F(x, t) di

where F (x, t) is the isotropic integral, with replaced by (xj + p t) and x2 replaced by (x2 — t) 

have,

F(x, t) = 0 

= 0

— 4 i 

Vy

for

for

for

(xx +p t) >0  

(xj + p t)  < 0

y <0

(xl +pt )  < 0

y >o

Reg. A 

Reg. B ,

Reg. C

(4) 

We thus 

(5 a) 

(5 b)

(5 c)

where y = (x1+ p t)2 — a2 [ (x2 — t)2 + x32] .

Since the argument applies equally well to any one 

of the four integrals in (3 c), we have dropped the 

subscripts on p _ a ( 0 ) a n d  x1(°j in Eq. (5) above.

The region of (5) into which the integrand of 

(4) falls is determined by the coordinates X; of the 

field point, and the value of t under consideration.

As t, p, a are all positive, the integrand is always in 

Reg. A and is identically zero for all field points 

ahead of the charge (x ^O ). For points behind the 

charge, it is helpful in the further analysis to make 

a plot of y against t. Since (p2 — a2) is positive in 

all cases, this is a parabola with its arms upwards 

(Figure 1). Whatever be the value of y, we are 

again in Reg. A for all — x1/p. At t = —x1/p, 

the parabola always lies below the t axis. If the 

integral is to be at all non-vanishing, the parabola 

must start above the t axis at the origin. Otherwise, 

the integrand starts in Reg. B and goes over into 

Reg. A as t increases, and the integral vanishes. But 

(?/)< = 0 = 0 is just the equation of the field cone 

x 2 = a2 (x22 + x32) . Hence, the distortion terms con­

tribute only when the field point lies within the 

backward cone, and the integration terminates at 

the cross-over point t = tx, the smaller positive root

0 O=  -
2 71

, *i co) y ±
e ß2 y2 1 sin Q cos Q0 \ ^ P ± (0) + n 

^0

of the quadratic y = 0 in t. The integration and the 

subsequent differentiation of (4) can now be carried 

out in a straightforward manner, and the non-dis- 

persive potential within the cones is obtained as 

(P = &0 + <Pe , where

(6 a)

<*>c
eß 2f

2  71

+  {p ± (o )  Z i(0 ) ± a 02 X 2}

*l(e) 71
m2 cos2 Qq sin.Qcos£?0 

V ~ 2y Z - j

P t  (e) + A R,

2  y / —A ± Re ( \
y ± ' | + v P ± (e) ^1 (e) — ae~ x2/

(6 b)

R()2 =  I>12(0) -  ÖQ2 £?02] = 0 and Re2 =  [̂ l2(o) -  «e2 Qe2] = 0

are the equations of the ordinary and extraordinary + (£2o/£2)x32. The nature of distortion represented 

cones, respectively, with Q02 = x22 + x32 and »̂e2 = x22 by the 2. ± terms of (6 a, b) can now be analysed.
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But these expressions diverge in the region of ut­

most interest, the surface of the respective cones. 

For removing the divergences it is necessary to con­

sider the more realistic case of a dispersive medium.

3. Azimuthal Distribution of the Radiation Field

Since y±, cr(°)5 p-j-(̂ ) are all functions of | kx j 

(or, the frequency), the A^-integration cannot be 

performed easily when dispersion is taken into ac­

count. Let the dielectric constants £* have some 

steady values £t- upto a frequency w° above which 

they may be any complicated functions of the fre­

quency. As dielectrics generally have their first ab­

sorption band in the microwave region, £; retain 

their d. c. values upto these frequencies. We can 

now split up each of the kx integrals in (3) into a 

low-frequency part with £; replaced by , and a 

high-frequency part with ^(A^) determined by the 

dispersion curve of the medium. These can be eval­

uated separately and the results of integration com­

bined. This apparently innocuous step of splitting 

and rejoining them, leaves the integrals (3 a, b) 

unaffected, but simplifies the distortion integrals 

(3 c) beyond recognition. It turns out that the inte­

gration over t (which can now be performed first) 

merely introduces a «̂ -dependent factor into the 

integrand, and the remaining kx integrals combine 

neatly with (3 a, b).

A typical high-frequency integral of (3 c) is of the form

OO OO

f  y2 kx cos Q0 e,kiX' f  elklPt H0W [a kx { (rr.> — t)2 4- ̂ 32} ''] dt dkx,
A-,0 0

OO OO

+ f  y2 kx cos Q0 e~ik'x> f  e~'k,pt tf0(2) [a kx { (x2 - t)2 + x32}1/2] d* c\kt 
A’!0 0

(7 a) 

(7 b)

in which p, a and are given functions of kx . On changing the variable t to (x2 — t), the integrals over 

t in (7 a) can be written as

Xn  OO

jTe-*MV//Q(i) [a k1(t2 + x32)'ri] d/ = e,pklX'-f e~,pklt H0̂  [a kx (t2 + x32) 12] df (8 a)
- OO — OO

_  efpM, f te - ip*J //0(D [«^ («2 + x32)V:] dt. (8 b)

The integral (8 a) is in a standard form and can be 

evaluated exactly. However, it drops out from the 

final result, cancelling with a similar term coming 

from the other cone. In evaluating (8 b), we make 

use of the asymptotic form of the Hankel function. 

In the region of integration, k1^>kl°, t> x 2 and thus 

the argument of H0 is always greater than a o kx° . 

This places a lower bound on the value of Q above 

which our expressions are justified. For most di­

electrics, this is of the order of 10 cm, a distance 

typical of the beginning of the radiation zone of the 

Cherenkov effect 8.

To the first order in (1 jkx), 8 (b) reduces to

- I .
where

2 exp [i (p kx x2 — rr/4) ] 

{akx)'!i
■P + 0 ( l/k x2) (9)

J? exp [ i ^ i - p t  + a ^  + x ^ } ]

P = l -------- d ( - (10)

This integral is of the form /  u0(t) exp {kx f (t)} dt 

which can be expanded in inverse powers of kx, by 

successive partial integration as follows:

f  u0(t)exp{k1f{t)}dt = y  ■
i = 1

(ID

( — 1 ) ”
-vi(t)exp{k1f[t)} + , n I  un{t) exp{kxf(t)} dt

K i

where

Vi(t) =Uj_ i (t) / f  (t) and u, («) - v{ (t)

for i ^  1 .

Since the higher terms in the asymptotic expansion 

of the Hankel functions can be treated in a similar 

manner, the field can, in principle, be determined 

with any desired accuracy. For the present purpose, 

however, it suffices to retain terms only upto the 

first order in (1 /kx), and write
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i Vq

exp {i kx ( - p x2 + a q) }

p — a cos
+ 0 ( 1 /*,*) 

(12)

where cos y = x2/o. Substituting (12) in (9), we 

notice that the resulting expression can be recast 

into a Hankel function asymptotically to the same 

order in (1/*,). (7) now takes the form

elkixi C{kx, x2, x3)
f  y*co8Üor - \dkx (13)

!ArJ > * , •  { ( p - a  C O S (f)  j

with C(kx, x2, x3) given by Equation (2). The dis­

tortion integrals (13) are thus formally identical to 

the cone-terms of (3 a, b) apart from the factor 

involving the azimuthal angle cp. When these are 

combined with the high-frequency integrals of 

(3 a, b), we obtain

^high =  -  . f  F (£’
I*,I > *,•

(14)

‘C(kx, x2, x3) dA^,

where, the explicit form of the angular factors, 

F (e, cp) , is given by Equation (19).

As one approaches the surface of a cone, the non- 

dispersive potential (6) tends to the expression

^nd =
e ß2 y2 

2 71
F(e,<p) (15)

8  Tl3

-  -
8 71

3 j F e{e,(pe) exp{i Ä1*1(e)} (18 b)
-  OO

• Ce (kx, x2, x3) dkx.

The angular parts of these integrals have the forms 

ao2 s in 2  <Po
<Po) = (19 a, b)

A- ae- sin2 cpe

D l '

with the same angular factor as in the high-fre­

quency integral (14). The low-frequency integrals 

of Eq. (3) can be obtained as
OO

<2]ow= /  f(c,k1)dk1 = ff(e ,k 1)dk1 (16 a, b)
JA-,! <  *,• -oo

- f  / ( s , * , ) d * , .

These two integrals (16 a, b) are identical respec­

tively to (15) and (14) except that £ in the latter is 

replaced by £. Noting that {1 /R} is the Fourier 

transform of C(kx,x2,x3), we thus have

Slow = - 3 F (g’ f eiklXl C(k1,x2,xs) dkt .
8 : 7  l* .l< V  (17)

Since £(kx) = e for \k1\<k1°, the final potential 

& = ^high + is obtained as

e  ß 2  y 2  oo

--- a- f  F o ( £,<Po) exP {*^1*1(0)} (18a)
-  OO

Co (^l ? 2-2 ’ ^ 3 ) d/jj ,
09 f>eß- r

Fe(f, cpe) = 

where

^0 = P + (0) p - (0) + «0 cos <Po (p + (0) - p - (0)) - 002 C OS2 (p0 
2

(a0 cos cpQ —m2y cot Q ) 2 ,

(20 a)

1-Osin-1/ cos-

D ?  =  p  + (e) P  - (e) +  a c COS cpQ ( p  + (e) _  p  _  (e ))

— ae2 cos2 (pe

Y

s ir  Q cos- i.2,

(20 b)

Thus we see that the distortion integrals (3 c), which 

look so different from the isotropic integrals (3 a, b), 

combine with them in a natural way to give rise to 

azimuthal asymmetry in the potential distribution.

If we now assume the simplified dispersion curve 

discussed in I (e = l  for [A^^A^0), the angular 

factor F(e,cp) comes out of the integrand and the 

remaining integration of (18) reduces to the radial 

part already evaluated in I. The resulting potential 

is finite and oscillatory near the surface of the cone 

and is given by

j C(Vz) -_S(Vz)_

1 Vz
<z> = QF{e,cp) (21)

In this expression, z ^ r jk ^  where v\ denotes the 

radial distance of the field point from the surface 

of the cone, and Q is the potential at the site of the 

non-dispersive field cone. The upper and lower signs 

in (21) refer to field points inside and outside the 

field cone.

4. Field in a Doubly Anisotropic Medium

Using a theorem established elsewhere 9, the field 

in a doubly anisotropic medium can be determined 

without a fresh calculation simply by making certain 

substitutions in the expressions already derived for 

a pure dielectric. Although the substitution scheme 

works for motion of the charge in an arbitrary di­

rection in a uniaxial or even a biaxial medium, the 

results become cumbersome in the general case. We 

therefore confine our discussions to the special case 

of motion in a principal plane of a medium satis-
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fying the condition, /'2 £3 = /<3 £2 • Under the more 
restrictive conditions e2 = e3 and /(2 = //3, rotational 

symmetry round the optic axis renders any plane 

equivalent to a principal plane.

Letting (22)

y kx -> kx, xx -* y , y~ ß2 k f  £i} ei}

we make the following substitutions in the expres­

sions of the previous section for the potential (P:

xt = cos Q xx + sin O x2, x2= — sin Q xx + cos Q x2 , 

x.i = x.i , xi-+{Xi/\l\)',ixi , k\,

£i ei h  , cos Q  - > (V ^n )1/4 cos Q , (23)

sin Q —> [X.2jXn Y!l sin Q .

On reversing the step (22) and multiplying the final 

result by {Xn j / ) ' ! we obtain the desired expres­

sions for 0  in a doubly anisotropic medium. In the 

above expressions, / is the reciprocal permeability 

and Xj, f ; are the coordinates of the field point in 

the rest frame of the charge and in the principal 

axes frame respectively, with â -axis along the direc­

tion of motion of the charge. Apart from the overall 

multiplication factor, the potential 0  is again found 

to be given by Eqs. (6), (18) and (19), the sym­

bols now having the altered meanings:

9  9  22 1
{?o = x 2 + , T:s

Lin
(0)

i 2

/^22

f ( ß 2 £3 ^2 2 ~ l )MlM2

2*1 (e)

1*2: 

y f i 2

£a  a

Qe2 =  x2 +

'/2 (ß2 /<3£2 2 - l ) f l e2

A2 =
li.2 „ //.•> (24)

" ---- , — — ,
£-2 /̂ 22 22 

COS2 =  l / / ? 2 £o /< 3 =  1//52 jU* £3 , p ± (0) =  P ± ,

l  7 (f2 l(i — 1*2 £i) sin Q cos 
p±(C) =p± ± — — •

22 r 22

The above expressions, as expected, are sym­

metric in e and /<, and the equations of the o- and 

e-cones are now connected by the transformation

£ — > //. Since both the cones are elliptic in cross- 

section, the terms “ordinary” and “extraordinary” 

do not seem to possess any special significance in 

the doubly anisotropic case. While the o-cone is 

circular in a pure dielectric, the e-cone becomes 

circular in a pure ferrite and is commonly referred 

to as the o-cone in the literature on ferrites 10. The 

overall multiplication factor of (^3^ 22) 2 signifies 
an enhanced output of radiation in a magnetic 

medium 11 and the consequent superiority of ferrites 

over dielectrics in the Cherenkov-generation of 

microwaves 12.

When the charge moves perpendicular to the optic 

axis, the angular parts simplify to

F e fa frV e )  =

(ß2 £3 / ' i-  1 ) sin2 9?0

ß2 f3 ,ui sin2 + cos2 cpQ
(25 a)

ß2 ,«1

(ß2 M3 ^ i - l )  COS2 rpe

ß2 t(//3 sin- (pe + cos-

(25 b)

Thus, the field exhibits high azimuthal asymmetry 

in this case, the potential of the o-cone vanishing on 

the plane contained by the optic axis and the line of 

motion of the charge, and having a maximum value 

on the plane perpendicular to the optic axis. The 

situation is reversed for the e-cone. The radiation 

cones, being reciprocal to the field cones, must ex­

hibit the same azimuthal asymmetry, and the rings 

of light emitted must have corresponding maxima 

and minima. These conclusions agree with Pafa- 

mov’s findings on the energy radiated in a ferrite10. 

When the direction of motion of the charge is in­

clined to the optic axis at an arbitrary angle, the 

axes of the cones no longer coincide with the direc­

tion of motion and the azimuthal distribution is 

given by the more complicated expressions (19). For 

motion along the optic axis, the o-cone is totally 

extinguished and the e-cone becomes circular with 

a uniform azimuthal distribution of potential.
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